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Meanings of Skill: Effects of Abacus
Expertise on Number Representation

Kevin F. Miller
University of lllinois at Urbana-Champaign

James W. Stigler
University of Chicago

Research on expertise has focused on the amount and organization of
domain-relevant knowledge as the key feature distinguishing experts from
novices. The representations of experts are described as being more function-
ally organized as well as more detailed than those of novices. There are two
different senses in which knowledge could become more functionally orga-
nized with expertise. The knowledge of experts could become more func-
tionally organized with respect to the execution of skill, or their knowledge
could become more functionally oriented with respect to contexts broader
than their particular skill. Abacus skill provides a domain in which these two
alternatives can be evaluated. The first alternative, conceptual determination
by skill, implies that abacus experts’ representations of numbers should em-
phasize the features that are functional in their calculation strategies. The sec-
ond alternative, conceptual transparency, implies that experts should not
emphasize abacus-specific features when judging similarity of numbers, giv-
ing less weight than novices to abacus features when judging abacus represen-
tations and no more weight than novices to abacus features when judging
numerals.

Conceptual transparency occurs when those features important in per-
forming a skill are judged to be of little significance in understanding the
skill. Number similarity judgments of abacus experts and novices from Tai-
wan and American children of comparable ages indicted that abacus skill was
associated with a deemphasis of those features that are unique to the abacus.
Implications of the phenomenon of conceptual transparency for models of
skill development are discussed.

Acquiring a complex skill typically requires one to master a substantial
amount of detailed knowledge, much of which is only relevant to a particu-
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lar domain. This knowledge often takes the form of specialized mental rep-
resentations. Previous studies of expertise have focused on describing the
nature and functioning of the mental representations that make skilled per-
formance possible. The research described here concerns a different but re-
lated question: What effect does expertise have on the perceived meaning of
the specialized representations of knowledge that often underlie skilled
performance?

Representational systems vary in the emphasis they place on different
kinds of relations, and specific representations are often chosen to facilitate
specific goals. For example, with binary numerals, it is simple to determine
whether a number is divisible by 2 but difficult to determine whether it is
divisible by 10. With Hindu-Arabic numerals, the situation is reversed.
This relative accessibility of the modulo-10 value of a Hindu-Arabic nu-
meral, however, is not necessarily conceptual but only procedural or func-
tional: Representations form part of a system that functions in a
goal-directed fashion, and their meaning arises out of their relation to the
other elements of the system. Conceptual meaning, by contrast, refers to
the relationship between the specialized representation and the wider do-
main of knowledge over which the skill operates.

For example, consider the paper-and-pencil algorithms school children
learn for carrying out basic computations. These algorithms obviously have
meaning in the sense that they work. Yet the degree to which they are im-
bued with conceptual meaning will vary greatly across individuals. Some in-
dividuals may not draw any connections at all between a particular
algorithm and the mathematical principles on which it is constructed. Oth-
ers may utilize their conceptual knowledge to understand why the al-
gorithm works, utilize the fact that the algorithm works to enrich their
conceptual knowledge, or do both.

Studying the conceptual consequences of skill has not been the focus of
recent research, in part because of the domains in which expertise has been
studied. For example, experts in chess and other games acquire and use
mental representations specific to their domain of expertise. One cannot
talk easily, however, about the wider significance of these representations
outside the context of skilled performance, because games such as chess are
not intended to relate to some larger domain. For other skills, such as mas-
tering an instrument or learning a calculating technique, the question of
how the skill relates to a larger domain (e.g., music or mathematics) is sub-
stantially more salient.

The current study was organized around two questions. The first con-
cerns what relation there is between the features that organize performance
of a skill and those that are salient in thinking about the domain over
which skill operates. The second deals with how these relations change as a
function of expertise. This study investigated these issues within the context
of skill at abacus calculation. Experts at abacus calculation are able to
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perform rapid mental calculation by using a “mental abacus,” a mental
image that functions like an abacus (Hatano, Miyake, & Binks, 1977,
Stigler, 1984). The representation is concrete, visual, and highly specialized.
The question that motivates the study is the degree to which connections
are made, with expertise, between the abacus and conceptual knowledge
about numbers. After reviewing research on the kinds of knowledge that ex-
perts possess, two very different predictions concerning the conceptual sig-
nificance of skill are discussed. These predictions are then applied to
explaining the effects of mastering mental abacus calculation on children’s
representation of numbers.

DOMAIN-SPECIFIC KNOWLEDGE AS THE DISTINCTIVE
FEATURE OF EXPERTISE

A remarkable degree of consensus has emerged around the view that acqui-
sition of domain-specific knowledge is the distinctive feature of expertise.
The list of domains to which this generalization applies is now a substantial
one. In chess, for example, de Groot (1965) found that chess masters could
retrieve meaningful positions involving 20 or more pieces after only 5 sec of
exposure. Novices, by contrast, recalled an average of fewer than five pieces
under the same conditions. This impressive memory ability did not, how-
ever, extend to random chess configurations. Although novices and experts
performed equally well on random chess patterns, it seems likely that expert
performance is affected by configurations that are impossible, whereas nov-
ices view these configurations as simply another pattern. Nonetheless, the
basic finding that experts possess an impressive memory for meaningful
configurations in the domain of skill has since been demonstrated with do-
mains as diverse as electronic circuit diagrams (Egan & Schwartz, 1979);
computer programming (Adelson, 1981; McKeithen, Reitman, Rueter, &
Hirtle, 1981); and the games of Go (Eisenstadt & Kareev, 1975; Reitman,
1976), bridge (Charness, 1979; Engle & Bukstel, 1978), and baseball
(Chiesi, Spilich, & Voss, 1979). Experts have more domain-relevant knowl-
edge, and one estimate of the magnitude of this data base suggests that
skill in any complex domain is built on a substantial amount of domain-
specific information. For the case of chess, Simon and Chase (1973) esti-
mated that chess experts can recognize on the order of 50,000 different
configurations.

In addition to the sheer quantity of information experts have mastered,
research in several domains suggests that the knowledge of experts is orga-
nized differently from that of novices. Chi, Feltovich, and Glaser (1981) re-
ported that physics experts encoded mechanics problems according to the
underlying physical principles (e.g., conservation-of-energy problems),
whereas novices categorized the same problems in terms of the problems’
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surface structure (e.g., rotating things or blocks on inclined planes). Allard
and Burnett (1985) found a similar difference in the ways that novice and
expert basketball players categorized pictures of games, with novices focus-
ing on the number of players present and experts focusing on the strategic
implications of the scenes. Chi has shown that expert children’s knowledge
of familiar dinosaurs is largely organized in terms of implicit features such
as dietary preferences, whereas these same children’s knowledge of unfamil-
iar dinosaurs (Chi & Koeske, 1983) or the representations of nonexperts
(Gobbo & Chi, 1986) do not seem to rely on these implicit features. Thus,
in a variety of domains, the organization of expert knowledge appears to
reflect an appropriate “deep structure,” whereas novices are often capti-
vated by superficial “surface structures.”

CONCEPTUAL IMPLICATIONS OF SKILL

Given that expertise involves the acquisition of a large knowledge base or-
ganized by relations functional for the specific skill, it would be odd, in-
deed, if the knowledge base described in studies of expert memory did not
affect the underlying conceptual representation of the domain in which the
skill is based. Yet it remains unclear how expertise ought to alter conceptual
representation. Based on the research discussed earlier, one would expect
that representations of experts would differ from those of novices in the
amount and organization of relations represented, with expert knowledge
reflecting the functional deep structure of the domain.

On closer examination, however, the assertion that expert knowledge is
more functional than that of novices becomes ambiguous for many real
skills. Consider the problem of technical definitions, that is, familiar terms
given to idiosyncratic definitions within a domain. Such new uses for famil-
iar words can constitute a real stumbling block in learning a new skill. For
example, McKeithen et al. (1981) noted that learning a programming lan-
guage involves deemphasizing common meanings of terms (e.g., the simi-
larity in meaning between true and real) that do not carry over into their
use in programming. Where those relations that are functional for some
skill contrast with relations that are meaningful in some broader context,
how does the expert’s representation differ from the novice’s?

Even if expertise is associated with an increasing relation between skill
and knowledge representations, one can still make two different predictions
about the effects of expertise on representation, corresponding to two dif-
ferent views of the meaning of expertise. According to one view, expertise is
a matter of accommodating to or getting deeply into some domain,
whereas, in the other view, experts have worked their way out of the con-
straints that may be peculiar to a particular skill. Both views are consistent
with the notion that expert knowledge has a functional form, but they vary
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in the nature of the function in which that knowledge is organized to serve.
It is important to emphasize that either result is consistent with the view
that expert knowledge utilizes a deep-structure representation relative to
that of novices. The critical issue is how domain specific such a deep struc-
ture is. Conceptual determination by skill implies that the relevant deep
structure is that which functions within a domain. Conceptual transparency
of skill implies that the relevant deep structure is one that generalizes be-
yond the domain of expertise. Each view has a distinguished history. The
phenomenon of expert abacus calculation, explored here, provides a natural
domain for evaluating these very different views of the conceptual conse-
quences of acquiring expertise.

Conceptual Determination by Skill

The view that expertise involves the extension of those relations functional
in performing the skill was most eloquently described by Bryan and Harter
(1899). Discussing the process of acquiring skills such as telegraphy, Bryan
and Harter wrote: “In the measure that he has mastered the occupation,
it has mastered him. Body and soul from head to foot, he has—or one
may say he is—the array of habits which constitutes proficiency in that
sort” (p. 348).

According to this view, a mastered skill should color one’s perception of
all domains it touches. Those relations relevant to performance of the skill
should be perceived as being of general importance. Thus, a skilled pianist
should view music through the filter of those features relevant to piano
playing. A skilled abacus calculator should represent numbers by those fea-
tures that are salient for abacus calculation, seeing the abacus in every
number. Given that acquisition of skill in such domains as chess or mental
abacus calculation requires hundreds of hours of practice, it should not be
surprising to find that experts extend those concepts and relations that are
functional within the context of their skill to those where it is not directly
relevant.

Specifically, the notion of conceptual determination by skill predicts that
those components that are important for performing a skill will also be im-
portant in one’s conceptual understanding of the domain over which skill
operates.

Conceptual Transparency of Skill

Yet one might also expect just the opposite effect of expertise on conceptual
representation. Mastering a skill may make it possible to move beyond the
constraints of those features that are uniquely relevant to the skill. If the
knowledge of experts were truly functional, experts might deemphasize
those features relevant only to their domain of specific skill with other rele-
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vant knowledge, transcending the limitations imposed by their skill. Ha-
tano (1982) discussed a similar issue in distinguishing between two kinds of
experts, termed routine and adaptive, based on the conceptual basis for
skill. Although both kinds of experts may perform at high levels in familiar
situations, only the adaptive expert understands the basis for a skill and is
able to adapt familiar procedures to new circumstances. To the extent that
one develops adaptive expertise within a domain, skill should be associated
with a transcendence of those organizations peculiar to a given skill.

This view that expertise leads one to move beyond reliance on features
uniquely relevant to a skill also has a distinguished history. In his study of
blindfold chess, Binet (1893/1966) asserted that developing expert knowl-
edge of chess involves moving beyond an emphasis on the concrete features
of chess pieces and their spatial relations. Rather than possessing a great
deal of detailed knowledge about the meanings of particular chess configu-
rations, Binet argued that it is insight into the strategic structure of games
that makes chess skill possible. Describing the expert’s skill, Binet wrote:

He remembers not that he moved his king to a certain square, but that, at a
given moment, he had a particular plan of attack and defense which required
the movement of his king. The move itself is only the conclusion of an act of
thinking; that act must first be recaptured; the recall of its manifest result—
the particular move—follows from it. (p. 149)

According to this view, the musical representation of the expert pianist
might deemphasize those features unique to piano playing. The abacus cal-
culator would represent numbers according to those features relevant to
mathematics in general, in effect seeing numbers in every abacus instead of
an abacus in every number. This possibility can be described by the term
conceptual transparency. Conceptual transparency implies that features, in-
formation, and knowledge utilized in performing a skill are nonetheless de-
emphasized or ignored in thinking about the same domain. It does not
imply that such knowledge becomes inaccessible (although it might become
so) but, rather, that those features demonstrated to be important in orga-
nizing skilled performance are not important in thinking about the domain
over which skill operates. Indeed, one way in which domain-specific knowl-
edge might become relatively less prominent over time is through the addi-
tion of domain-general knowledge to the set of facts one knows about a
domain.

Assessing these two different views on the conceptual consequences of
skill requires a domain of skill that involves mastering an alternative way of
representing a familiar domain of knowledge. To the extent that one can
describe skill-related features in subjects’ representations of a domain, it
will be possible to evaluate whether expertise is associated with extension or
deemphasis of the special relations associated with skill. It should not be
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assumed that the conceptual consequences of expertise will be the same in
every domain, but relatively straightforward assessments of these two very
different views of the meaning of skill can be made for domains of exper-
tise that involve the mastery of special representations.

Previous studies of the conceptual consequences of expertise have not
permitted one to make this distinction. Schoenfeld and Herrmann (1982),
for example, looked at changes in the categorization of mathematical prob-
lems by subjects who took a course in either mathematical problem solving
or in structured programming. Students who took the problem-solving
course, which focused on Pdlya’s (1957) heuristics approach, showed a shift
toward categorizing problems according to their mathematical structure.
This effect was not found for students who took the programming course.
The course did not focus on problem perception per se, but it is described
by the authors as encouraging students to consider the underlying plau-
sibility of results and to consider carefully the conditions of problems.
Thus, it is reasonable that students who become more skilled in solving
problems will learn to perceive problems according to those components
(the underlying mathematical structures) that determine the solution. Al-
though Schoenfeld and Herrmann’s study suggests that mathematical prob-
lem-solving expertise has important conceptual consequences, it does not
permit one to distinguish between the problem-solving principles that stu-
dents became expert in and the underlying structure of mathematical
problems.

The distinction between knowledge utilized in performing a skill and
one’s conceptual understanding of the domain over which the skill operates
corresponds to part of Marr’s (1982) model of levels of description in un-
derstanding cognition. Marr argued that one can distinguish among de-
scriptions of computational theory, representation/algorithm, and imple-
mentation in describing complex information-processing systems. Compu-
tational theory concerns the goals, principles, and logic of the strategy by
which processing occurs. The level of representation and algorithm con-
cerns what specific information is to be represented and how it is processed,
whereas the implementational level concerns the specific electronic or phys-
iological means by which the representation and algorithm are made silicon
or flesh in order to accomplish the ends of the computational theory.
Marr’s distinction between computational theory and the ways in which it
is implemented also suggests that one might expect features important for
performing a skill to be of little importance in thinking about the domain.
The possibility that expertise might lead to the conceptual transparency of
domain-specific knowledge is paradoxical, because experts are distin-
guished by the facility with which they use such information in performing
their skill. On the level of computational theory, however, it seems clear
that one’s understanding of a domain need not be determined by the fea-
tures that determine one’s performance.
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One skill that permits comparison of skill-related versus non-skill-related
representations is mental abacus calculation. Abacus experts are expert at
abacus calculation. They learn a system that is based on a set of rules that
differ in identifiable ways from the base-ten structure of numbers. It is rea-
sonable to suspect that experts utilize the deep structure of abacus calcula-
tion, but there are two plausible candidates for the deep structure of abacus
calculation. It may be the formal features of the abacus or, instead, some
set of numerical features that transcends the device. Both are deep struc-
tures. A novice first learning to use the abacus experiences difficulty both
in seeing the numerical significance of abacus configurations and also in
mastering the structure of the device itself. With practice, knowledge can
become deeper in both senses. The structure of the abacus permits one to
distinguish between two very different models of the conceptual conse-
quences of expertise.

To the extent that expertise leads to an emphasis on those features that
are functional within a given domain of skill, the abacus expert should rep-
resent numbers using the features emphasized in abacus procedures. Thus,
the representation of numbers of the abacus expert should be more abacus-
like than that of the nonexpert. If expertise instead leads to the conceptual
transparency of the features that underlie skilled performance, the abacus
expert should be less likely than someone at a novice or intermediate level
to represent abacus relations in terms of abacus-relevant features and no
more likely than novices to represent number relations by abacus-relevant
features. The phenomenon of mental abacus calculation as practiced in Tai-
wan provides a natural instance for studying the consequences of skill for
the relations between two alternative means of representing numbers.

THE NATURE OF ABACUS SKILL

Prior research has documented the impressive computational skills devel-
oped by adults and children who receive extended practice in abacus calcu-
lation (Hatano et al., 1977; Hatano & Osawa, 1983; Stigler, 1984). Perhaps
the most intriguing aspect of this skill is the development of mental abacus
calculation, in which subjects calculate with reference to an internal image
of the abacus. Before describing data supporting these claims, a brief re-
view of how the abacus works is in order.

Figure 1 shows how numbers are represented on the Japanese abacus
used throughout Asia. Beads “count” as they are pushed toward the center
(horizontal) bar by the thumb (lower beads) or forefinger (upper bead).
The upper bead represents five times the column value; the lower beads rep-
resent one unit each. The value represented by a column is the sum of the
top bead (0 or 5) and the lower bead (0 to 4), with the total multiplied by
the column value (as with standard place-value notation). Within a column,
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FIGURE 1 Representation of digits on the Japanese-style abacus used in this study.
Beads “count” as they are moved toward the center (horizontal) bar. The top bead rep-
resents 5, the lower beads each represent 1. Value within a column is the sum of the top
bead (0 or 5) plus the number of lower beads (0 to 4) pushed toward the center bar.

the abacus represents a modulo-5 number system but remains a base-ten
system between columns. Thus, numbers such as 1 and 6 that differ by +5
have similar abacus representations, differing only in the placement of the
upper bead.

Persons who develop a high level of skill at abacus calculation report cal-
culating with reference to a mental abacus, using an image of the abacus to
perform mental arithmetic. Supporting this claim, studies of the mental
calculation of abacus experts have found several ways in which the structure
of the abacus is reflected in subjects’ performance. Stigler (1984) reported
that for abacus-trained children the number of steps involved in an abacus
calculation was associated with reaction time for mental calculation. He
also reported that these abacus-trained children could distinguish true inter-
mediate states from foils. Perhaps the strongest evidence for the abacus-like
nature of the mental calculation of these children came from analysis of
their errors. Abacus calculators (but not American college students) were
apt to make errors that could be accounted for by misrepresenting the loca-
tion of one bead on the abacus. These included leaving out the value of one
column and errors in which the answer was off by five in some column
from the correct sum. Because the abacus represents numbers that differ
by five in a similar way, the finding of an increased incidence of these
modulo-5 errors provides a convincing demonstration of the abacus-like
nature of the calculation of those who have become experts at the skill of
mental abacus calculation.

The prevalence of modulo-5 errors in the mental calculation of abacus-
trained children is important, because it provides clear evidence that the
structure of the abacus has impressed itself on the organization of calcula-
tion by these children. It also provides an important marker for evaluating
the conceptual consequences of abacus skill. The model postulating con-
ceptual determination by skill predicts that abacus experts will find mo-
dulo-5 relations more important than do other groups in thinking about
relations between numbers. The model postulating conceptual transparency
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of skill argues that abacus experts should (a) not view these relations as be-
ing important in judging similarity between numbers presented as numerals
and (b) view modulo-5 relations as being less important than do other
groups in judging similarity of numbers presented as abacus figures.

REPRESENTING THE MEANING OF SKILL

Data on the abacus-like nature of the mental arithmetic of abacus experts
indicate that the structure of the abacus has a substantial impact on the nu-
merical performance of these experts. The current study addressed whether
the importance of the abacus to their calculation shows up in the features
of numbers that these experts view as being important.

It is difficult to get individuals to describe their conceptual representa-
tion of a domain such as number and far from clear what the significance
of such introspections might be (e.g., Ericsson & Simon, 1980; Nisbett &
Wilson, 1977). Although subjects have considerable difficulty describing
any such global representation, they have much less difficulty judging the
similarity among particular numbers (Shepard, Kilpatric, & Cunningham,
1975). These judgments can then be analyzed by a variety of means (Car-
roll & Arabie, 1983; Miller, 1987), including nonmetric multidimensional
scaling (MDS) procedures (Kruskal, 1964a, 1964b; Shepard, 1962a, 1962b)
and clustering techniques (Johnson, 1967; Shepard & Arabie, 1979) that re-
duce matrices of such judgments into more manageable spatial representa-
tions or sets of discrete clusters. To the extent that such judgments reflect
meaningful features of the domain, analyses of similarity judgments can
provide a method for diagnosing those features judged to be central or sali-
ent at varying levels of expertise.

One of the first applications of Shepard’s original MDS procedure con-
cerned the effects of skill on representation of Morse code. Shepard (1963)
analyzed results of prior studies on confusions among Morse-code stimuli
by subjects of varying degrees of experience with the system. Although the
various studies were not directly comparable, Shepard found that subjects
unfamiliar with Morse code used length and the relative proportion of dots
and dashes to discriminate signals. Errors by subjects early in the process of
learning Morse code were based on length and heterogeneity of stimuli: It
was more common to mistake stimuli composed entirely of dots as com-
pared with those made entirely from dashes. Finally, expert errors were no
longer affected by length, with items varying only in the length of runs of
consecutive dots or dashes frequently confused with each other. These stud-
ies of the effects of skill on perception of Morse code suggest that MDS
procedures are sensitive to at least some of the representational changes as-
sociated with skill. Because of the need to determine separate solutions for
each individual or group, however, representational changes associated with
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skill are not directly measured by the MDS techniques used by Shepard
(1963).

A more powerful means of describing changes in representation is pro-
vided by the individual differences scaling (INDSCAL) model of Carroll
and Chang (1970). This mathematical model entails a psychological as-
sumption about how individual differences affect representation of stimu-
lus domains, namely, that individuals differ by differentially emphasizing
common stimulus dimensions. According to this model, individuals differ
by differentially weighting the dimensions of a common stimulus space. Be-
cause of the related way that INDSCAL treats subject and stimulus varia-
tion, programs to fit this model provide separate spatial representations of
the overall stimulus relations and of the weights that subjects place on the
dimensions of this stimulus space. High subject weights along a stimulus
dimension indicate that the corresponding feature was emphasized by a
particular subject or group of subjects.

An important distinction between the INDSCAL model and most other
MDS models is that, because subject variation is represented by weighting
dimensions, INDSCAL solutions are not invariant across rotation through
an arbitrary angle, thus providing a unique orientation for the solution up
to reflections or permutations of the axes. In other words, the INDSCAL
model uses information on variation among subjects to uniquely orient a
multidimensional stimulus space. The dimensions of an INDSCAL solu-
tion correspond to those dimensions that capture variation in subjects’
judgments, and one might expect these dimensions of variation among sub-
jects to correspond with important features of the stimuli that those sub-
jects were judging.

The INDSCAL model has been used to describe cognitive representa-
tions in a variety of domains. Effects of expertise on representation have
been explored in several studies of music comprehension. Krumhansl and
Shepard (1979) found that increased musical experience was associated with
a decreasing emphasis on pitch differences when judging the similarities of
notes in scale contexts, with an increasing weight given to differences within
octaves. Thus, musical expertise was associated with increased use of the
conventional scale structure in judging similarities of notes. Pollard-Gott
(1983) asked subjects of varying expertise to judge the similarity among
passages from a Liszt sonata after listening to the piece a varying number
of times. Repeated listening led to an increasing emphasis on the relation
between each passage and the sonata’s two themes as the basis for similar-
ity. Pollard-Gott also collected judgments from two expert subjects, one of
whom had performed the piece, the other who had written an analysis of it.
A single dimension, reflecting the distinction between these two themes, ac-
counted for 84% of the variance for these subjects.

These two studies provide ambiguous support for the two models of ex-
pertise described earlier. To the extent that expertise is associated with as-
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similating the conventional scale structure of music, this development is
consistent with Bryan and Harter’s view that features of skill are incorpo-
rated into conceptual representations of the domain over which skill oper-
ates. Pollard-Gott’s finding that musical expertise is associated with a shift
away from physical features (e.g., loudness) to higher order relations (e.g.,
that between a segment and the theme) is consistent with Binet’s view that
expertise involves moving away from details to a higher order structure.
The case of abacus calculation provides a clear instance for evaluating these
alternative models because of the presence of abacus-specific features criti-
cal to the performance of the skill.

THE DEVELOPMENT OF NUMBER REPRESENTATIONS

In the absence of abacus skill, what does the development of children’s rep-
resentations of numbers look like? A baseline against which to evaluate the
impact of abacus skill on number representation is provided by Miller and
Gelman (1983). In this study, data on perceived similarity of numbers were
collected from adults and children aged 5, 8, and 12 years.

Miller and Gelman determined separate MDS solutions for the resulting
similarity matrices from each age group. Both the 5- and 8-year-old sub-
jects produced essentially one-dimensional configurations reflecting nu-
merical magnitude, whereas solutions for 12-year-old and adult subjects
incorporated additional multiplicative features such as a division into odd
and even numbers. Miller and Gelman described the development of chil-
dren’s number representation as a matter of overlaying new numerical rela-
tions on an initial representation of numerical magnitude. An individual
differences reanalysis of these data using the SINDSCAL (Pruzansky, 1975)
program is presented in Figure 2. The overall correlation between predicted
values and obtained judgment is » = .881. The two dimensions of the stim-
ulus solution shown in the top panel of Figure 2 clearly correspond to mag-
nitude (Dimension 1, approximate variance accounted for [VAF] = .633)
and odd/even (Dimension 2, approximate VAF = .144). The lower panel of
Figure 2 shows how individual groups of subjects weighted these dimen-
sions. The length of the vector between the origin and the subject’s location
is proportional to the amount of variance accounted for by the sum of
these dimensions. The angle of this vector shows the relative significance
of the two dimensions. Thus, the kindergarten and third-grade subjects
showed a small weighting for the odd/even dimension and a very large
weighting on the magnitude dimensions corresponding to their nearly com-
plete insensitivity to multiplicative relations such as odd versus even.

It is often useful to supplement the continuous spatial model provided
by MDS with analyses that attempt to describe similarity as the products of
discrete clusters. If children are incorporating into their understanding of
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FIGURE 2 Weighted MDS analysis of children’s number-similarity judgments (data
from Miller & Gelman, 1983). Top panel shows stimulus space. Lower panel shows sub-
ject or weights space, which indicates the salience of each dimension for a particular
age group.
numbers multiplicative features such as divisibility by two, then sets of
numbers that share such features should be judged to be similar to each
other. Figure 3 shows results of a second individual differences analysis of
the Miller and Gelman data, describing the data as a set of overlapping
clusters rather than as continuous dimensions. The individual differences
clustering model used, Carroll and Arabie’s (1983) INDCLUS, is an indi-
vidual differences generalization of the overlapping clustering model (AD-
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magnitude-based features (moderately large, small, medium-size, large, and small num-
bers) and an increase in salience for clusters related to multiplicative features (powers of
2, and odd numbers).

CLUS) developed by Shepard and Arabie (1979). INDCLUS is analogous
to INDSCAL in that it assumes that individuals differ in their weighting of
a common set of clusters. The INDCLUS model describes similarity as a
function of sets of overlapping clusters, with individuals differing in the ex-
tent to which they weight particular clusters. The INDCLUS model can be
fitted by a program of the same name, which is a generalization of the Ara-
bie and Carroll (1980) MAPCLUS algorithm for fitting the ADCLUS
model. As with MDS techniques, the INDCLUS program determines clus-
ters algorithmically from the data rather than requiring them to be speci-
fied by the user in advance (although the user specifies the number of
clusters to be found, analogous to specifying the number of dimensions to
be used in MDS).

Results from the clustering analysis are quite similar to the SINDSCAL
results in showing a gradual developmental deemphasis on clusters based
on numerical magnitude, as various multiplicative features (e.g., odd num-
bers or powers of two) come into prominence.

The results shown in Figures 2 and 3 indicate that learning new numeri-
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cal operations can result in changes in one’s representation of numbers. De-
velopment involves a gradual shift away from an initial magnitude-based
representation of numbers to an emphasis on multiplicative relations.

Miller and Gelman (1983) described their results in a manner consistent
with Bryan and Harter’s (1899) view of skill, namely, that mastering new
numerical operations leads to the incorporation of those features into chil-
dren’s representation of number. To the extent that this process is a general
byproduct of mastering new numerical relations, one would predict that
abacus skill would result in the addition of abacus features to the number
representations of experts. This prediction is far from self-evident, however,
because the numerical features found by Miller and Gelman are both rele-
vant within the context of calculation and relevant to mathematics in gen-
eral. The structure of the abacus permits one to distinguish features that are
primarily relevant to calculation from other numerical features. Although
the abacus and numeral system share most relations, learning the abacus
should increase the set of features available to be incorporated in one’s con-
ception of number. The extent to which these features do become a part of
the number representations of abacus experts provides a means for evaluat-
ing the conceptual consequences of skill.

METHODS

To evaluate the effect of acquiring abacus skill on children’s representation
of number, we collected judgments of the similarity of numbers presented
either as Hindu-Arabic numerals or as abacus figures to subjects from two
cultures with three levels of abacus expertise. Subjects were Americans with
no familiarity with the abacus and children in Taiwan with either brief ex-
posure to abacus calculation (novices) or extensive training in mental aba-
cus techniques (experts).

Settings

The study was conducted at Dongyuan Elementary School in Taipei, Tai-
wan, and at the Verlinden Elementary School in Lansing, Michigan. Both
are urban public elementary schools, although the school in Taiwan was
chosen because it has an unusually good abacus program (according to the
Commissioner of Taipei schools). In both countries, children performed the
task in groups during the regular school day.

Abacus training and certification. As is the case in schools throughout
Taiwan, children in Dongyuan are first introduced to the abacus as part of
the fourth-grade elementary school mathematics curriculum. Those chil-
dren who wish to become experts may undertake more intensive training by
enrolling in programs that meet after school. These after-school programs
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(called buxiban) are usually associated with an elementary school, and the
participants engage in interschool competitions involving both abacus and
mental calculation.

Complementing the abacus program at Dongyuan Elementary School is
Dongyuan Buxiban, an after-school program directed by the abacus teacher
from the elementary school. Children enrolled in the buxiban attend classes
three afternoons per week for 1 to 1% hr on each afternoon. Of the approx-
imately 750 students at each of Grades 4 through 6, about 100 from each
grade elect to attend these abacus classes after school. A few students in
first, second, and third grades also attend classes at the buxiban. Members
of the abacus team that will represent Dongyuan Elementary School in
competition are chosen from among those children who attend classes at
the buxiban. Anyone is welcome to join the buxiban program, and a large
cross-section of children attend.

Children who participate in the after-school program also take certifying
exams administered by the government-run Chinese Abacus Association.
These exams provide the basis for rating abacus operators on their level of
expertise and include sections on both abacus and mental computation.
The highest rating attainable is that of duan wei, followed by Grades 1
through 6 in decreasing order of skill. Even a rating of Grade 6 requires a
fair amount of proficiency, and passing a test is far from simple. During
the second testing session of 1980, for example, 148,927 people took one
of the seven qualifying exams throughout Taiwan. Of these, only 29,979
passed, thus attaining the rating they sought (Zhusuan Xuehui, 1980).

Subjects

Chinese subjects. A total of 64 sixth-grade students from Dongyuan
Elementary School participated in the Taiwan portion of the study. Half
were classified as abacus experts, and half as novices. The novices had all
studied abacus calculation as part of the fourth- and fifth-grade mathemat-
ics curriculum, but none had ever attended the buxiban or attained a very
high degree of proficiency in abacus calculation. Their competence with the
abacus is roughly comparable with that which an American child in a good
elementary school might have with Roman numerals: the ability to recog-
nize numbers presented in this format and to do simple arithmetic with
them but without any real facility. All the abacus expert subjects regularly
attended the Dongyuan Buxiban after-school program. Experts had all re-
ceived ratings of abacus skill from the Chinese Abacus Association. Twenty
of our expert subjects had attained the highest rating (duan wei). Eight
subjects were ranked at the next level, Grade 1, and the remaining 4 were
ranked at Grade 2. Of the experts, 17 were boys and 15 were girls. Of the
novices, 18 were boys and 14 were girls. Experts ranged in age from 11
years, 4 months, to 12 years, 3 months, with a mean age of 11 years, 10
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months. Novices ranged in age from 11 years, 0 months, to 13 years, 2
months, with a mean age of 11 years, 8 months.

American subjects. A group of 22 American subjects (14 boys, 8 girls)
was recruited from a middle-class public elementary school in Lansing,
Michigan. The American subjects ranged in age from 11 years, 3 months,
to 12 years, 9 months, with a mean age of 12 years, 1 month. None of the
American subjects was familiar with the Japanese abacus used in the
present research.

Materials

To include a meaningfully large set of abacus and numeral relations, stimuli
for this experiment were extended from the 10 digits used in Miller and
Gelman (1983) to include all numbers from 0 to 20. One consequence of us-
ing a larger set of stimuli is that it greatly increases the number of compari-
sons to be made. With 21 stimuli, there are 210 pairwise comparisons and
1,330 triads. Instead of the triadic judgment procedure used by Miller and
Gelman, subjects in the present study judged similarity of pairs of num-
bers. To reduce the length of the task, the 210 pairs of stimuli from this set
were randomly broken into two sets, and parallel booklets were prepared
containing stimuli represented as either numbers or abacus forms. Each
subject saw only one type of stimulus. Subjects rated the similarity of pairs
of numbers or abacus representations along a 5-point scale ranging from
very similar to very different. These data were then coded so that large val-
ues corresponded to judgments that two numbers were very different from
each other.

Because subjects judged only half the pairs of stimuli, there should be
some increase in error variance in the results over the situation where sub-
jects judge the entire set. Judged similarities within each Task X Expertise
group include some between-subjects as well as between-numbers variance.
This should increase the overall error variance in the results. Because num-
ber pairs were randomly assigned to the two stimulus sets, there should not
be any other systematic change in results, just greater variability in judg-
ments than might otherwise be the case.

Procedure

Chinese data collection. Chinese subjects were tested in two separate
groups, one composed of experts and the other of novices. Half the sub-
jects in each group received booklets with arabic numerals, and half re-
ceived booklets with abacus representations. A female examiner, native to
Taiwan, instructed each group in the nature of the task and the use of the
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5-point rating scale. Subjects were first asked to rate the similarity of pairs
of geometric shapes, and responses were checked by the examiner. When
the examiner was confident that all subjects in the group were correctly us-
ing the rating scale, the subjects were allowed to begin rating the number
pairs in their booklets. The examiner again checked to make sure all sub-
jects understand the task.

Subjects were instructed to judge how similar they felt each pair of num-
bers to be. They were told that there were no right or wrong answers and
that we were interested in their opinions. They were not constrained as to
the criteria they used in judging similarity of abacus or numerical stimuli.
Thus, the data collected bear on those features subjects deemed important
in judging similarity, rather than on whether abacus expertise affected one’s
ability to perceive or attend to specific features if instructed to do so.

American data collection. The procedure used with the American sub-
jects differed only slightly from that employed in Taiwan. The American
children had no systematic prior exposure to the abacus and were, thus, all
complete novices with respect to the organization and use of the abacus.
They were told that the figures in some of the books showed abacus repre-
sentations and that the abacus was a way of representing numbers. They
were not told anything about how numbers are represented on the abacus
until after the study was over. The same instructions, materials, and pre-
liminary tasks were used for the American subjects as for the Chinese
children.

RESULTS

Data Aggregation

Data from 5 subjects (1 each from the novice abacus, novice numbers, ex-
pert abacus, U.S. numbers, and U.S. abacus groups) were discarded be-
cause of misalignment between the number of stimuli and number of
answers. Analyses were, therefore, based on a varying number of subjects:
16 (expert number judgments), 15 (novice abacus, novice numbers, and ex-
pert abacus), or 10 (U.S. numbers and U.S. abacus) for the different
groups. Data were aggregated by determining the average similarity rating
given to each pair of numbers in a given Expertise X Stimulus group.

Overview of the Analysis

To obtain a general picture of the features subjects used in judging similar-
ity between numbers, an individual differences MDS solution (using
SINDSCAL) and an individual differences nonhierarchical clustering solu-
tion (using INDCLUS) were obtained. These provide a general sense of the
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extent to which different groups of subjects place different emphasis on
abacus versus number features in judging numbers. Features that emerged
from these analyses (numerical magnitude, odd/even parity, and number of
beads used to represent a number) were then used as predictors in separate
regression equations calculated for the original similarity judgments from
each Task x Expertise group. Hypotheses concerning differences between
groups were tested by comparing regression weights for these predictors
across different Task X Expertise groups.

MDS Results

Results from a SINDSCAL analysis of the aggregated similarity judgments
indicate that three dimensions were the fewest that accounted for a reason-
able amount of variance and produced an interpretable set of dimensions.
The overall correlation between predicted values and scalar products based
on obtained judgments for three dimensions was r = .638. Additional di-
mensions accounted for additional variance, of course, but these dimen-
sions appeared to correspond to local features, for example, groupings such
as 2, 4, 8. As noted previously, SINDSCAL assumes that individual differ-
ences are the result of subjects’ varying emphases on the dimensions of a
common underlying stimulus space. Therefore, SINDSCAL solutions are
not in general rotationally invariant, and one can expect that dimensions
accounting for variation in subjects’ judgments will also correspond to
meaningful stimulus dimensions. Figures 4, 5, and 6 present the three pan-
els of the SINDSCAL solution, with the stimulus spaces on top and the
subjects’ weightings below. These dimensions correspond to magnitude (Di-
mension 1, approximate VAF = .188), odd versus even (Dimension 2, ap-
proximate VAF = .113), and a beads dimension (Dimension 3, approximate
VAF = .104) corresponding to the number of beads used to represent a
number on the abacus. The top panels of Figures 4, 5, and 6 present the
stimulus spaces produced by combining each pair of these dimensions.
Figure 4 shows the first two dimensions of the three-dimensional
SINDSCAL solution. The first dimension (small vs. large) appears to cor-
respond to the numerical magnitude of the numbers. This apparent inter-
pretation of the first dimension is supported statistically, with a Pearson
product-moment correlation between magnitude of the stimulus numbers
and their values on this dimension of r(19) = .94. By contrast, correlations
between magnitude and the other dimensions were substantially smaller:
r(19) = .01 for the second dimension; r(19) = — .27 for the third dimension.
The second dimension (odd vs. even) distinguishes odd from even numbers,
with a Pearson product-moment between odd/even status and values on the
second dimension of r(19) = .93. Correlations between odd/even parity and
the other two dimensions were negligible: r(19) = — .09 with the first di-
mension; r(19) = .08 with the third dimension. The correlation analysis
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supports the interpretation of the first dimension as reflecting numerical
magnitude and the second as reflecting odd/even status of stimulus num-
bers. These magnitude and odd/even dimensions correspond to those found
by Miller and Gelman (1983).

Figure 5 shows the third dimension, beads value, plotted against the
magnitude dimension. The beads-value dimension, marked 0 beads to 6
beads, deserves some elaboration. The beads value of a number is the num-
ber of beads used in representing it on the abacus. Looking at Figure 1, this
is the number of beads that are pushed toward the center bar; for example,
8 is represented by four beads. Because of the modulo-5 structure of the
abacus (i.e., that numbers differing from each other by exactly five use the
same number of lower beads), beads value also largely corresponds to the
modulo-5 value of a number.

Looking at the upper panel of Figure 5, one can count from 0 to 4 mov-
ing consistently downward before jumping back up nearly to the top for 5.
This process is repeated for 6 through 9, with a jump up to 10, and to some
extent for 11 through 15 and 16 through 20, although the modulo-5 inter-
pretation of this dimension is less clear for these numbers. The correlation
between this dimension and the number of beads used to represent a num-
ber is r(19) = .87, and the correlation with each number’s value modulo 5
of stimuli is 7(19) = .86. By contrast, correlations between the bead repre-
sentation and the other dimensions were substantially smaller: r(19) = .04
for the first dimension; 7(19) = — .06 for the second dimension. Thus, the
third dimension is clearly most highly correlated with the bead representa-
tion of the stimulus number. The third dimension provides support for the
view that the modulo-5 feature of abacus representations of numbers finds
its way into subjects’ similarity judgments. Figure 6 maps the beads-value
dimension against the odd/even dimensions.

Consideration of subject spaces is necessary to determine the role that
these various dimensions play in judgments by subjects in the different
groups. The lower panels of Figures 4, 5, and 6 show the subject spaces for
the dimensions represented in the corresponding stimulus spaces above
them. For each group of subjects, the weighting for the pair of dimensions
shown directly above is plotted on the three lower graphs. The distance
along each axis is proportional to the total variance accounted for by those
dimensions. For example, the location of the symbol “ExpNum” in the
lower panel of Figure 4 shows that experts judging numeral stimuli placed
more emphasis on odd/even than on magnitude relations.

The American subjects were forced to judge the abacus using abacus fea-
tures, because they were not familiar with the numerical significance of the
abacus representations. It is, therefore, instructive to consider how these
children viewed the abacus (the “USAba” condition). Americans placed
relatively little emphasis on either the odd/even dimensions or on magni-
tude in judging abacus similarity (shown by their low loadings on both di-
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mensions in the lower panel of Figure 4). This result is reasonable, because
the abacus represents neither magnitude nor odd/even status straightfor-
wardly. American subjects placed heavy emphasis on the beads value of ab-
acus stimuli, which provides an abacus-specific measure of how many
beads would have to be moved to convert one figure into the other. The
American subjects judged the abacus by its appearance, thereby providing a
baseline for evaluating the performance of the other groups.

When Chinese novices judged the abacus, they placed little stress on
odd/even features that were not represented on the abacus. Novices differed
from Americans in emphasizing magnitude, presumably because, unlike the
Americans, they knew which numbers were represented and were affected
by this knowledge in judging similarity of abacus forms. Unlike the experts,
however, novice judgments of abacus figures often differed from their judg-
ments of numerals. An emphasis on the odd/even dimension was shown in
novice numeral judgments, although this was given little stress in their aba-
cus judgments. The beads dimension received much greater emphasis for
the abacus than it did for numerals (shown in the lower panel of Figure 5),
but the magnitude dimension was more salient for the abacus than for
numbers. The novices “enrich” the physical features of the abacus with
their understanding of the numbers represented; however, they have still not
entirely integrated the two representations. Using the developmental pro-
gression from magnitude to multiplicative relations described by Miller and
Gelman (1983), novice judgments of abacus similarity are less advanced
than are their judgments of numerals.

Although novice and American subjects were greatly affected by whether
they were shown abacus or numeral stimuli, this was not the case for ex-
perts. Looking across the three subject-weights panels, it is clear that the ex-
pert subjects were the least affected by the mode in which the stimuli were
shown. In each weight panel of the SINDSCAL solution, the two expert
conditions (ExpNum and ExpAba) are closer together than the correspond-
ing loadings for the novices or the American subjects. Thus, experts treated
the abacus and numerals as though they share the same important features.
The next question is whether this common representation more closely re-
sembled the abacus or the numeral judgments of the other groups.

In general, expert judgments were more like the numeral judgments of
the novices and Americans than they were like the abacus judgments of
these groups. As shown in the lower panel of Figure 4, experts judging the
abacus resembled other sophisticated groups (experts and novices judging
number and American adults) in emphasizing the odd/even dimension at
the expense of magnitude. This finding is noteworthy, because the abacus
does not distinguish between odd and even numbers in any fashion. In the
weights space of Figure 5, the experts judging the abacus again resemble
novices and experts judging numbers in placing relatively small emphasis
on magnitude and the beads dimension. Experts viewing the abacus were
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midway between the two novice conditions in their emphasis on magnitude,
suggesting that there are still some modality effects even for experts. Fi-
nally, the lower panel of Figure 6 shows both expert conditions together
with the novices judging number in their relative loadings on the odd/even
and beads dimensions. The persistence of the expert subjects in using such
features as odd/even, even when shown the abacus stimuli, suggests that
they were more willing than novices to bring nonabacus features to the task
of judging abacus similarity.

A final result concerns the differences in number similarity judgments
between the Chinese and American subjects. When judging numerals,
American subjects placed greater emphasis on magnitude relative to the
odd/even dimension than did the Chinese children. Using the developmen-
tal progression observed by Miller and Gelman from magnitude to reliance
on multiplicative relations, the American subjects were less advanced than
were their Chinese peers.

The SINDSCAL analysis of number and abacus similarity judgments
produces a set of three meaningful dimensions, adding on abacus space to
the two-dimensional representation found in a study of Americans judging
numerals. Abacus expertise was associated with an emphasis on the nu-
meral rather than on the abacus aspects of this space, as well as with greater
consistency across the two modes of stimulus presentation.

Clustering Analyses

The abacus and numeral features can also be considered as sets of clusters
that share common features. INDCLUS was also used in analyzing the ef-
fects of abacus expertise on number similarity judgments.' The abacus fig-
ures shown in Figure 7 report the members of the resulting clusters. In
general, they can be clearly classified as numeral or physical abacus proper-
ties on the basis of inspection alone. The even numbers, for example, share

Notes on the Clustering analysis. To use INDCLUS, one needs to determine the number
(but not the content) of clusters to be fit. Carroll and Arabie (1982) suggested beginning with
about half the number of stimuli, then gradually reducing the number of clusters. Solutions
for 6-9 clusters were obtained in this analysis. A seven-cluster solution produced a good bal-
ance between interpretability and variance accounted for, with clusters representing a diverse
set of abacus and numeral features. Four of the set of 42 cluster weights are (slightly) negative;
negative clusters are intrinsically uninterpretable, but, given the small absolute value of their
weights, they can be interpreted as representing random variation around an essentially zero
weighting of that cluster by that group of subjects. If the solution is constrained to avoid nega-
tive weightings, the resulting solution resulted in minor changes to three of the seven clusters.
The cluster labeled “lower bead 0 or 1’ (containing 0,1,5,6,11,15,16,20 in the reported solu-
tion) added 3 and deleted 20. The cluster labeled “S-bead up” (1,2,3,4,11,12,13,14) added 9
and 10. The cluster labeled “5-bead down” (5,6,7,8,9,15,16,17,18,19) deleted 5 and added 12
and 13. These changes lead to a slight increase in overall variance accounted for (VAF = .372
vs. VAF = .344 for the model reported), albeit at the expense of some loss in interpretability of
the clusters.
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FIGURE 7 INDCLUS nonbhierarchical clustering analysis of abacus-numeral similar-
ity judgments. The Japanese abacus shown here is a modulo-5 system within a column.
Beads “count” as they are moved toward the center (horizontal) bar. The top bead rep-
resents 5, whereas the lower beads represent 1.

no common feature in their representation on the abacus. The reader might
wish to look at the first row of Figure 7 and attempt to find some common
abacus feature that this set of numbers shares. The physical abacus proper-
ties presented in the lower rows of Figure 7, such as “5-bead up,” “5-bead
down,” or having zero or one lower bead up, are clearly evident in the aba-
cus figures.

There are several differences between the INDCLUS and SINDSCAL
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results that illustrate the differences between the continuous dimensional
model produced by MDS techniques such as SINDSCAL and the discrete
clusters found by INDCLUS. First, it may be of some interest that, al-
though a cluster of even numbers was obtained, there was no corresponding
cluster of odd numbers. The even numbers share an important feature:
They are all evenly divisible by two. The odd numbers, however, are not all
divisible by any common number. As the name odd number might suggest,
their common feature is that they are not divisible by two. Second, it may
seem remarkable that the set of numbers, 5, 10, 15, 20, is marked as being
a number rather than as an abacus feature in the INDCLUS analysis,
whereas the modulo-5 dimension was described as an abacus property in
the SINDSCAL solution. These numbers also differ by modulo-5, but the
set, 5, 10, 15, 20, also reflects the important multiplicative feature that all
these numbers are evenly divisible by 5. Comparing results from scaling and
clustering analyses provides a way of looking at specific features that may
underlie dimensional judgments. The INDCLUS results suggest that the
odd/even dimension from SINDSCAL results from the similarity that even
numbers share and that it is useful to distinguish from the overall modulo-5
relation represented on the abacus as a particular set of numbers (multiples
of 5) whose importance extends beyond the abacus.

The general modulo-5 relation represented on the abacus and reflected in
the third dimension of the SINDSCAL solution is a characteristic of lim-
ited importance beyond its role in performing abacus calculation. Nonethe-
less, the particular modulo-5 set 5, 10, 15, 20 is useful in a variety of
situations, such as measuring time and counting money, as well as being a
common set size for ad hoc groupings of items. Thus, it should not be sur-
prising that our most mathematically sophisticated subjects showed a gen-
eral deemphasis on the overall modulo-5 relation at the same time they
showed an increased emphasis on the set consisting of multiples of 5.

In general, the INDCLUS results correspond to those obtained with
SINDSCAL in documenting an overall decline in the importance of physi-
cal abacus properties with the acquisition of expertise. This result is partic-
ularly clear in the top panel of Figure 8, which shows the consistent decline
in weight for abacus features (lower bead 0 or 1, 5-bead up, and 5 bead)
across expertise groups, but there is an overall increase in the weights of nu-
meral-related clusters. Ironically, those subjects who spent the most time
mastering the details of the abacus seemed least affected by its structure.

Regression Analyses

The scaling and clustering analyses produced a description of the stimulus
variables that subjects varying in abacus expertise used in judging the simi-
larity of numerals and abacus figures. Testing hypotheses concerning the ef-
fects of abacus expertise on number representation can be done most
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Effects of Task and Expertise on Number Similarity Judgments:
INDCLUS Cluster weights by task and group
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FIGURE 8 Results of an INDCLUS analysis of abacus and numeral similarity judg-
ments. Results for abacus judgments are shown in the top panel, whereas numeral judg-
ments are shown in the bottom panel. Features of the physical abacus are shown by
dashed lines; other number features are connected with solid lines.

conveniently by using the variables that emerged from the scaling and clus-
tering analyses as the basis for traditional regression analyses.

Relations between abacus and numeral judgments. One question
that can be answered by looking directly at ratings is whether expertise is
associated with increasing differentiation or integration of judgments
across the two representational formats subjects judged. Table 1 presents
correlations between ratings by subjects in the various Expertise X Task
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conditions, which were first normalized so that within-group means and
standard deviations were identical. Evaluating the significance of these cor-
relations is problematic, because judgments of the various pairs of stimuli
are not independent of each other. Hubert (1978, 1979) described a heuris-
tic procedure for evaluating the likelihood of obtaining a similar pattern of
entries across two matrices. Hubert’s approach involves comparing an ob-
tained concordance statistic with a test distribution of the statistic gener-
ated from repeated random permutations of the rows and columns of one
of the matrices being compared.

To evaluate the significance of the obtained correlations, we generated
100 random permutations (with replacement) of the rows and columns of
each Task x Expertise similarity matrix (the same permutation was applied
to both rows and columns). For each permutation, Pearson product-
moment correlations were calculated for each predictor (the other Task X
Expertise groups plus the numerical predictors listed in Table 1), and ex-
treme values were estimated from this distribution for two-tailed tests
(ps = .05 and .01). These were used to evaluate the obtained correlations.
Each correlation in Table 1 was evaluated against the empirical distribution
of the correlation between the matrix listed in the left column (American
number for the first entry) and each of 100 random permutations of the
matrix listed in the top row (American abacus for the first entry). The inter-

TABLE 1
Correlations Between Number-Similarity Judgments and Predictors

American Novice Expert Predictors
Abacus Number Abacus Number Abacus Number Magnitude Beads
American
Abacus
Number .138
Novice
Abacus 432%% 517+
Number .060 .299%* 127
Expert
Abacus .163**  .601** 420%*  419**
Number  —.034 .360** 124 .521** .641**
Predictors
Magnitude  .154*  .590** .544** 069 .448%* .187**
Beads .545%*  216** .598**  .159* .321** .079 .270**
Odd/even -.114 .075 —.095 .305** .325%+ .378*+* -.073 —-.078

Note. Correlations are based on raw similarity judgments, normalized within each Task x Ex-
pertise group. Critical values for correlations involving similarity judgments are based on Hubert’s
(1979) matrix-conditional heuristic procedure as described in the text. Critical values for the
predictor-predictor correlations are based on tabled values for the Pearson product-moment correla-

tion coefficient.
*p < .05. **p< .0l.
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correlations among the three numerical predictors of similarity judgments
(magnitude, beads, and odd/even parity correlated with each other) were
evaluated against ordinary tabled values for the Pearson product-moment
correlation, because these qualified as independent correlations.

The relation between judgment of numbers presented as numerals or
abacus figures varied between the different expertise groups. The correla-
tion between ratings of the same pair of numbers presented as numerals or
as abacus figures is small for both the Americans (r =.138, ns) and the
novices (r = .127, ns). For experts, on the other hand, there was a substan-
tial correlation between judgments across the two tasks (r = .641, p < .01).
The correlation analysis quantifies what the scaling results suggested: With
increasing expertise, the mode in which numbers are presented is less im-
portant. The correlational results also indicate that expert abacus judg-
ments are based on numerical features rather than the reverse. Expert
abacus judgments correlate significantly with the numeral as well as with
the abacus judgments of the other expertise groups, whereas expert number
judgments are significantly correlated only with the numeral judgments of
the other expertise groups.

The correlation results do not indicate which mathematical features are
emphasized and which are neglected as experts develop a common view of
abacus and numerical stimuli. To answer these questions, the three dimen-
sions (magnitude, beads value, and odd/even parity) derived from the
SINDSCAL analysis were used to predict similarity judgments for the vari-
ous Task x Expertise groups. Specifically, magnitude (1 to 20) was coded as
the numerical difference between a pair of stimuli. The beads predictor (1
to 6), coded as the number of beads that differed between the abacus repre-
sentations of the two numbers, can be thought of as the number of beads
that would have to be moved to change one abacus figure into the other. Fi-
nally, the odd/even parity (1 to 2) of a pair of numbers was coded as 1 if the
numbers were both odd or both even and as 2 in all other cases. Figure 9
shows simple regression beta weights for the three predictors (beads, magni-
tude, and odd/even parity) for each Task x Expertise combination.

Differences between these predictors were evaluated using a procedure
described by Hubert and Golledge (1981). To evaluate the direction and sig-
nificance of differences between expertise groups in the weight given to
these numerical features, the permutational method described before was
applied to matrices of the differences between the normalized jutdgments of
different groups of subjects judging the same stimuli. Thus, the significant
and positive correlation found between magnitude and the difference be-
tween American and novice abacus judgments means that Americans
placed greater weight on this feature than did novices; a significant negative
correlation would imply that novices placed greater weight on this attribute
than did Americans when judging abacus figures.
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Effects of Task and Expertise on Number Similarity Judgments:
Regression B weights by task and group
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FIGURE 9 Regression of number similarity judgments by task and expertise groups.
Simple regressions for three predictors (beads difference, odd/even parity, and magni-
tude difference) were determined for each Task x Expertise combination.

Abacus judgments. Inspection of Figure 9 suggests that, for abacus
judgments, expertise is associated with a decrease in emphasis on abacus-
specific features. The beads predictor is represented most clearly on the
abacus, and both U.S. and novice groups placed heavy emphasis on this
feature in their judgments of abacus figures. There was no significant dif-
ference between U.S. and novice subjects on beads weighting (r = —.05,
ns), but each placed significantly more emphasis on beads than did experts
(r=.173, p<.05 for U.S. experts; r=.259, p<.01 for novices vs. ex-
perts). Odd/even parity is not represented on the abacus, and the relation
between expertise and this dimension was the mirror image of that obtained
for the beads predictor. U.S. and novice subjects were similar in not weight-
ing odd/even parity heavily (= —.017, ns), but experts placed signifi-
cantly greater emphasis on this feature than did either of the other two
groups (r = —.339, p < .01 for U.S. experts; r = —.393, p < .01 for novices
vs. experts). A different pattern was found for magnitude. Americans dif-
fered from novices and experts in placing less emphasis on magnitude
(r = —.366, p< .01 for U.S. novices; r = —.227, p < .05 for U.S. experts).
Novices and experts did not differ from each other in their emphasis on
magnitude (r = .090, ns). As noted before, one of the main ways that nov-
ices differed from U.S. subjects was that novices knew which number an
abacus figure corresponded to. This knowledge appears to be enough to
make magnitude a significant determinant of judgments, although the
knowledge of novices was not sufficient to make odd/even parity relevant
to their judgments of abacus figures.
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Numeral judgments. A very different set of relations between expertise
and similarity judgments emerged for the numerical stimuli. There were no
significant differences among expertise groups in subjects’ emphasis on
beads in judging numerical stimuli (r = .049, ns, for the U.S. novice com-
parison; r = .081, ns, for novices vs. experts; and r = .121, ns, for U.S. ex-
perts). The three groups differed greatly in their familiarity with the abacus,
but there was no evidence that any group was more likely than the others to
apply the features of the beads representation to their judgments of stimuli
presented as numerals.

For the other two predictors, magnitude and odd/even, there were signif-
icant differences between the American subjects and the two groups of Chi-
nese subjects, but there were no differences between the two Chinese
groups. American subjects placed greater emphasis on magnitude than did
either of the other groups (r = .440, p< .01 for U.S. novices; r =.356,
p< .01 for U.S. experts), which did not differ from each other (r = —.120,
ns). Americans also placed less weight on odd/even parity than either of the
other groups (r = —.194, p < .01 for U.S. novices; r = —.268, p < .01 for
U.S. experts), which did not differ (r = —.075, ns).

The regression analyses quantify the pattern suggested by the scaling and
clustering results. With expertise in using the abacus, there was a decrease
in the emphasis of abacus-specific features in judging similarity, as they are
replaced by more general number-related characteristics. In judging similar-
ity of abacus figures, American subjects were largely limited to abacus fea-
tures, as represented by the beads predictor. Abacus novices, familiar with
which numbers are represented by specific abacus figures, added an empha-
sis on numerical magnitude to the beads representation in judging abacus
figures. Experts, despite their facility with using the abacus, showed the
least emphasis on abacus-specific features in judging abacus stimuli. They
emphasized other number properties instead, showing a greater emphasis
than other groups on odd/even parity, which is not represented on the
abacus.

In judging numeral stimuli, no group showed much of an emphasis on
specific abacus features. U.S. subjects differed from the two Chinese
groups in their heavy emphasis on magnitude and their comparatively lower
emphasis on odd/even parity. In light of Miller and Gelman’s (1983) finding
of a developmental shift in relative emphasis between magnitude and multi-
plicative features in judging number similarity, these results suggest that the
U.S. subjects were less sophisticated in their number representations than
were their Chinese peers.

Regression analysis of number similarity judgments supports the hy-
pothesis of conceptual transparency. Experts at using a particular represen-
tational system for calculation showed a conceptual deemphasis, relative to
less expert groups, on those features unique to the representational system
they had mastered.
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Although expert judgments of number and abacus similarity showed a
relative deemphasis on abacus-specific features, it is important to note that
expert judgments of these two representations of numbers were not identi-
cal. Rather experts showed a deemphasis, relative to other groups, on fea-
tures specific to the representational modality shown.

DISCUSSION

Analyses of numeral and abacus-similarity judgments across the different
levels of abacus expertise support three main findings: (a) Acquisition of
skill at abacus representation was associated with greater consistency of
judgments across modes of representation; (b) expert judgments of abacus
similarity deemphasized abacus-specific features, relative to judgments by
subjects of less expertise; and (c) abacus expertise was associated with a
general increase in the sophistication of the numerical features represented
in judging abacus stimuli, corresponding to the previously described shifts
related to mathematical expertise.

Conceptual Integration as a Consequence of Skill

The finding that expertise was associated with increasing consistency of
judgments across modes indicates that experts relate these two physical rep-
resentations when thinking about number. The issue of how two number
representations are related is generally analogous to the distinction between
coordinate and compound representation of language in bilinguals (Ervin
& Osgood, 1954; Weinreich, 1953/1974). In Weinreich’s view, languages can
be represented either as largely separate systems (coordinate bilingualism)
or as a single-fused system (compound bilingualism). Although the linguis-
tic evidence is quite ambiguous (Hakuta, 1986; Paradis, 1977), the present
results indicate that, in the case of the abacus, skill is associated with devel-
opment of conceptual relations between these two representations. Note
that these results do not answer whether abacus expertise involves learning
relations between numeral and abacus systems or both to access a single un-
derlying representation of number. What they do suggest is that the fea-
tures specific to a particular mode of representing number become of less
conceptual significance as that mode is mastered.

Conceptual Transparency and the Abacus

The finding that abacus-specific features become less important with in-
creasing expertise when judging abacus stimuli supports the hypothesis of
conceptual transparency. This finding is somewhat counterintuitive. Ex-
perts have spent the most time working at learning the abacus and, presum-
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ably, are the most familiar with it. Furthermore, analyses of their calcula-
tion performance show that the physical features of the abacus play a ma-
jor role in determining the sorts of mistakes they make in calculation.
Although the actual characteristics of the abacus are important in perform-
ing abacus calculations, our results indicate that with expertise they become
less important when thinking about number. It appears that abacus experts
relate their representations of the abacus and numerals by downplaying
those features of the abacus that do not have significance beyond the per-
formance of calculation. The fact that numbers that are exactly five apart
have similar representations on the abacus is quite important for operating
the abacus and for understanding the mistakes of abacus calculators. In
the context of a general shift from magnitude-related to multiplicative fea-
tures in number representation, however, the fact that 8 and 3 are exactly
five apart becomes of decreasing significance with increasing numerical
sophistication.

Expertise at using the abacus as an alternative representation for number
is associated with a general increase in numerical sophistication. This con-
clusion has to remain very tentative, because significant differences between
novices and experts were limited to numbers presented as abacus figures.
American subjects were more likely than either Chinese group to judge
number similarity based on magnitude rather than on multiplicative rela-
tions. Although general mathematics achievement differences (Stevenson,
Lee, & Stigler, 1986) would lead one to conclude that Americans might be
less sophisticated about number than their Chinese peers, there are also
other reasons to predict that expertise with an alternative representation for
number would lead to increasing sophistication of number concepts. In a
study comparing abacus experts and novices in Taiwan, Stigler, Chalip, and
Miller (1986) found that abacus expertise was less associated with increased
calculation skill per se than with increased performance on the number
concept and with applications portions of standardized achievement tests.
The bilingualism literature may also be relevant here, although the analogy
is somewhat tenuous. Saxe, Becker, Sadeghpour, & Sicilian (1989) found
that French-English bilinguals showed earlier understanding than their
monolingual peers of the formal features of counting. Having an alterna-
tive representation for number available, children may become more sensi-
tive to those features of number that are representation dependent versus
those that are general across particular representations.

In discussing the effects of abacus expertise on number representation,
we have been assuming that numerical sophistication is a consequence of
abacus expertise rather than its cause. This issue is not often addressed in
the expertise literature, and the present study does not permit one to deter-
mine a direction of causality concerning the relation between numerical so-
phistication and abacus skill. A previous study (Stigler et al., 1986)
suggested it is unlikely that initial numerical facility accounts for much of
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the variation in acquiring abacus skill. Looking at who chose to take aba-
cus training, Stigler et al. found that a model incorporating first-grade
mathematics grades and sex accounted for a small amount of variance
(R? = .035, p< .001) but did not permit one to classify correctly any sub-
ject in the abacus-trained or abacus-untrained group. Eventual skill at the
abacus was predicted primarily by the number of hours of organized prac-
tice, with a smaller contribution from general intelligence and no signifi-
cant prediction based on mathematics grades. Although abacus expertise
may still be predicted by selection variables (e.g., whatever motivates one to
spend long hours learning a skill), there is no strong relation between initial
mathematical aptitude and eventual abacus skill. Abacus experts do seem
more sophisticated in their judgments of numbers, whether presented as
abacus figures or numerals, and this finding is more likely a consequence
than a cause of their expertise with abacus calculation.

Taken together, the results of these analyses suggest that it is useful to
maintain a distinction between the features that are meaningful in using a
system such as the abacus and those that are meaningful in reflecting on it.
Successful performance of a complex skill requires mastery of the relevant
details. Yet integrating the skill with the rest of one’s knowledge may, as in
the case of the abacus, require deemphasizing those same details. The fact
that 3 and 8 appear similar on the abacus is relevant to understanding the
performance of abacus experts. This pair of numbers has very little else in
common, and constructing an integrated representation of number involves
deemphasizing such abacus-specific features.

Binet’s model of expertise as a matter of transcending domain-specific
details thus provides a better description of the conceptual consequences of
abacus skill than does Bryan and Harter’s belief that a mastered skill mas-
ters its practitioner. This result is consistent with Anderson’s (1982; also see
Neves & Anderson, 1981) description of levels of processing in the develop-
ment of skill. In this view, mastery of a skill involves a transition from cen-
tral processes accessible to consciousness to a final proceduralized state in
which the procedures become less accessible. Although the present study
did not address issues of accessibility, it is clearly the case that abacus fea-
tures of the abacus become less salient conceptually with abacus expertise.
As an object for thought, the mental abacus presents a very different ap-
pearance from the features shown in studies of expert abacus calculation.

Implications for Other Skills

The phenomenon of conceptual transparency, which posits that features
important in the implementation of a skill are deemphasized conceptually,
appears to be applicable beyond the limits of abacus skill. Gentner’s work
(Forbus & Gentner, 1986; Gentner, 1988; Gentner, Landers, & Ratterman,
1986) on analogy is a particularly good example of this phenomenon.
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Gentner et al. (1986) presented subjects with sets of stories that varied in
surface matches (e.g., whether or not they involved eagles) and in underly-
ing relational structure. Although subjects rated stories having the same un-
derlying relational structure as being the best analogies, surface matches
turned out to be more effective at reminding subjects of previously read
stories. The surface features of an analogy appear to follow the same pat-
tern of conceptual transparency shown in the abacus representations of ex-
perts. Although such features are important in performing the task of
retrieving previous stories, they are deemphasized as bases for analogies.

There is no reason to expect, however, that what is true of one skill will
be true for every domain of expertise. In physics (Chi et al., 1981) and in
mathematical problem solving (Schoenfeld & Herrmann, 1982), acquiring
expertise is a matter of learning very general principles that are used to or-
ganize both problem solving and thinking about the domain. Many do-
mains, such as learning a musical instrument, involve a heavy emphasis on
domain-specific features (e.g., the relation between notes on a trombone)
reminiscent of abacus skill. To the extent that results from this study can be
generalized, they suggest that such domain-specific features become less
important with expertise in thinking about the domain over which skill
operates.

Studies of expertise have focused on the skills and processes that define
expertise, with the result that much is known about how experts function.
Even experts exist outside the constraints of their expertise, however, and
becoming expert at a procedural skill can pose conceptual problems. The
pianist hears music from other instruments, and the abacus calculator sees
other representations of numbers. Understanding the meaning of expertise
in semantically rich domains requires one to move beyond the constraints
of the skill. As in the case of abacus skill, obtaining a conceptual under-
standing of the skill may result in a diminished significance for those fea-
tures that organize performance of the skill.
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